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Abstract. The problem of mathematical modeling of the immune response to hepatitis C viral
infection is considered. The mathematical model of the process is described by a system of
nonlinear differential equations. The solution of this system of equations is carried out by an
iterative numerical-analytical method using the integral Laplace transform. The obtained results of
mathematical modeling provide an opportunity to solve the problems of research and forecasting
the development of infectious diseases and to determine the modes of effective treatment of the
disease.
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Introduction

Viral infections are a serious problem for human health and prosperity. This is
true not only for acute outbreaks, such as Ebola, with high public awareness, but also
for chronic infections that have a major impact on health care management.

Hepatitis C virus (HCV) is a relatively common blood-borne disease. It is one of
the leading causes of chronic liver disease worldwide and is the fastest growing cause
of liver transplantation in developed countries [2]. If liver disease is left untreated,
HCV progresses in approximately 7-18% of patients over 20 years, leading to liver
failure, cirrhosis, hepatocellular carcinoma, and death [3].

Hepatitis C virus infection [1] causes chronic liver diseases such as liver
cirrhosis and liver carcinoma. As chronic HCV infection affects 2-3% of the world's
population, HCV is the leading cause of liver transplantation in the West.

There is no vaccine against hepatitis C, but significant progress has been made
in the development of direct-acting antiviral agents (DAAs) [5] that specifically
target specific genetic proteins encoded by the virus (eg, HCV protease and
polymerase). However, there is still considerable room for a deeper "mechanism"
understanding of the HCV replication cycle. This includes spatiotemporal analysis of
HCV RNA translation, replication and assembly. A deeper understanding of these
processes may also have implications for understanding fundamental virus-host
interactions of related viruses. The main way of transmission of viruses is among
active users of injection drugs (IDU), which is easily transmitted through the sharing
of needles and syringes. In the UK, most developed countries and many other
developing countries, the iatrogenic risk of HCV is high (eg in South Asia), with
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more than 80% of new cases associated with injection drug use, with 15-90% of
IDUs testing positive for antibodies to HCV.

Antiviral treatment of hepatitis C (peginterferon-alpha and ribavirin) is
recognized as effective and leads to clearance of the virus in approximately 45-80%
of cases, depending on the genotype [9].

Mathematical modeling has shown that antiviral treatment can be an effective
preventive measure among IDUs, with modest and achievable treatment rates leading
to a significant reduction in the prevalence of infection.

Mathematical modeling of the dynamics of hepatitis C serves as the basis for
determining the parameters of the model for the purpose of building a system of
optimal management of this process and determining optimal modes of antiviral
treatment.

In contrast to the existing and widespread approaches to modeling the dynamics
of immune processes, which are based on the application of numerical methods of the
Runge-Kutta type [4-9 ] to linearized systems, a numerical analytical approach based
on an iterative scheme for solving a system of nonlinear differential equations is
proposed.

Mathematical model

A mathematical model for the combined treatment of IFN and ribavirin is
considered, consisting of four related equations:

dr_ s+rT[1—$j—dT—ﬂTV,,

E max
a_ sy +rl(l—ﬂ]—§l,
dt max (1)
dav,
dtl = (-p)l-¢,)pl-cV,,
dv,
71\”: pl—¢,)pl—cVy,.
The initial conditions are chosen as [4,4-10°1,4-10°1,3-10°0]". (2)

These are the levels of the state variables (approximately) after 25 weeks of
infection, starting with (7 110*)" (Value refers to virion level for HCV patients).

The assumption in the model is that hepatocytes are produced at a constant rate
and have a natural death rate d, while proliferating at a rate, which 7 1is the
maximum possible level of the hepatocyte population (both uninfected and infected).
It is assumed that hepatocytes are infected with virions at a rate of g . It is assumed

that the proliferation of infected hepatocytes also occurs at a level » with the level of
natural mortality 5. In the absence of any treatment, infected hepatocytes produce
infectious virions at a rate of ¢. The introduction of IFN reduces this production by

the factor (1-&), where ¢ is the efficiency of IFN. Finally, the model includes
ribavirin efficacy p, which reflects the proportion of infectious non-infectious

virions with mortality ¢ for both of these populations.
Ribavirin works by converting some pof the newly formed virions into non-

infectious ones, which divides the virion population into two distinct populations,
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namely infectious (7, ) and non-infectious (7, ).
Solving problem
Let's write the system of equations (1) in the following form:

d—T+(d—r)T= s—rTT+I
t T

~ BTV, =s-T TL(T+1>+ﬁV,j,

d max max

A s-ni= IV, - 1T +1D),

dt s (3)
Diver, = A-p)i-g)pl.

dt

thN’ +cVy = p(l-¢g,)pl.

The initial conditions are given as (2).
The parameters of the model (3) are given in table 1.

Tabl. 1. Model Parameters(g/cm’)

Par. Value Dimensionality
s 2,005-10° | cl./(ml.day)
d 4,7-10° | 1/day
p 5,4 virion/(cl. day)
B 0,6-1077 ml/(virion day)
c 5,9 1/day
S 0,3 1/day
r 0,45 1/day
T . 0,7-10’ cl/ml

Given the nonlinearity of the system of equations (3), we will look for its
solution using the iterative algorithm [ ], which is based on the application of the
integral Laplace transform to this system.

According to the iterative method [14], we first obtain the solution of the linear

part of the system of equations (3). Let's apply the integral Laplace transform to the
system of equations (3).

(p+(d-r)T(p)=T"+=+LIN,(®)];
P

(p+(=rNI"(p)=1,+LIN,(®)];

P+ (p) =V +LIN, ];
(p+ 0)171\5?) (p)= Vz\(/]1 + L[N, (D]
. 7 (1) __ S i oS 1 1 ©) 47
Or: () d—er{T d—rjp+(d—r)+p+(d—r)£[NT O
T (p)-—L v

+
p+(6-r) p+(©-r) @
We denote:
a,=d-r,a,=0-r,a,=c, o, =a,+a,;
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Then, for the linear parts of the system of equations, the solutions take the form:

T‘O)(t)=i+(T°— S] el — 40, +10,e
Q Q

19(r) = e VOO =V V) @) =V (e
Let's substitute these solutions into the nonlinear parts of the system of
equations.
NP =T (KT 0 +10]- sV 1))

= (zo0 110, )(rl[too 110, 4 10 ()= pre ) (4)

Let's apply the Laplace transform and the equivalent simplification algorithm to
this expression [15]. The values of the coefficients in this cloud are calculated using
the corresponding C program.
i+ bl +b/ (p+a’)

(p+a’ ) £(0")’

The general scheme of application of the iterative algorithm [14] (write it down
for the first equation of the system):

T4 (p) =T (p) +—— LIN (1))
p+a

1

LIND (1)~

or in the space of the originals:
NEO=TOO(RITP )+ 1001+ BV (1) ()
Substitution of the expressions for the linear parts of the sought functions in (5)

with the subsequent application of the Laplace transform and the application of the
equivalent simplification algorithm of the obtained expression gives:

= = 1 ch +clp ol
T(k+1) :T(O) 0 1 el 6
(p)=T""(p)+ ml[(pw i@y (0)

To obtain the original from this expression, we apply the convolution integral

G/(P)Gy(p) > [&i(t=1)g,(7)st

=" [ b f}(@" 1) +b, (1) |~ bye”

In the space of originals, this expression corresponds

TV =l +e [ fi@' D+ (') +cle . (7)
1y _ sin(@’n), (@")*>0, 1o _Jeos(@n), (@") >0,
S { (@D, (0') <0, @ { (@'n), (0') <0, )

Using a similar algorithm, an expression for .

TO(p)=T"(p)+ G o P

pra, (p+a' ) +(d'y
190 =i+l i@+l fu(@'n) ]+ "6

VOt =l +e f[clff(wfr)wzug(aﬂr)] clres?,
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The following iterations lead, thanks to the application of the algorithm of
equivalent simplification of fractional-rational expressions with the use of continued
fractions, to the solutions of the system of nonlinear equations (3), similar in form to
the given solutions. At subsequent iterations, expressions of the form (4) instead of
exponents contain expressions of the form (8). The above algorithms are
implemented in an algorithmic language

Simulation results

Distribution of T,I,V I,VNI,ep=D,75, rho=0,3

25

- 10

Concent

Puc.1 Po3noaisi koHueHTpauii komnoHeHris 3a ep=0,75, rho=0,3.

Distribution of T,I,V I,VNI,ep=D,95, rtho=0,6

Concent

Puc.2 Po3noaiji KOHIEeHTpauii KoOMnoHeHTiB 3a ep=0,95, rho=0,3.
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Distribution of T,I.V I.VNI,ep=D,?5, rho=0.6
25

- 10

Concent

Puc.3 Po3noain koHnenTpaiii komnoneHTiB 3a ep=0,75, rho=0,6.

In fig. 1-3 the results of modeling the problem for different values of parameters
and efficiency of ribavirin use are presented.

Conclusions

Mathematical modeling of the system of nonlinear differential equations
describing the dynamics of a common infectious disease, hepatitis C, was performed.
The use of a numerical-analytical method of solving a system of nonlinear
differential equations to obtain the solution of this system of equations made it
possible to determine the ranges of changes in the parameters of the model, which
provide the possibility of effective use of combined means of treatment of viral
hepatitis C.

The conducted research provides an opportunity to build a system of optimal
regulation of the process of combined treatment and is the goal of further research by
the authors.
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Anomauia. Pozensoaemvcsa 3a0aua mamemamuidHo20 MOOen08aHHSA IMYHHOI 8I0N08I0i Ha
sipycHi ingekyiro eenamumy C. Mamemamuuna mooenb npoyecy ORUCYEMbCSA CUCNEMOTO
HeNHIUHUX ~ Ougepenyiinux pieuausb. Posze'szanna yiei cucmemu  piGHAHL  30IUCHIOEMbCS
imepayitiHuM YUCI080 -AHALIMUYHUM MEMOOOM i3 3ACMOCY8AHHAM [HMEZPAIbHO20 NePemE8OPeHH s
Jlannaca. Ompumani pe3yniomamu MamemMamuyHo20 MOOEN08AHHS HAOAIOMb MONCIUBICIL
supiutyeamu 3a0a4i OOCHIONCeHHs. | NPOSHO3YBAHHS PO3GUMKY I[HQEKYIHUX 3aX60pH6anb ma
BUSHAUUMU PEeAHCUMU ePeKMUBHO20 IKYBAHHS X80POOU.

Kniouosi cnosa: cenamum C, in@exyilini 3ax60pr6anHs, IMYHHA cucmema, imepayiuui
cxemu, HeliHItHI OughepeHYiliHi PIGHAHHAL.
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